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Integrable Mappings via Rational Elliptic Surfaces
(TSUDA, Teruhisa)
2 , QRT .
QRT ,
. , Mordell-Weil ( - )
QRT ( ) .
$K3$ , Calabi-Yau ,
QRT .
1
2 (18- ) , QRT
$f$ : $(x, y)\mapsto(\overline{x},\overline{y})$ ,
(1) $\overline{x}=\frac{f_{11}(y)-f_{22}(y)x}{f(y)-f(y)x}$ , $\overline{y}=\frac{g_{1}(\overline{x})-g_{2}(\overline{x})y}{g_{2}(\overline{x})-g_{3}(\overline{x})y}$
([4, 6] ). $f_{i}$ (y), $g_{i}(\overline{x})(i=1,2,3)$
$f=Ay\cross By,$ $g=tAi\cross {}^{t}B\overline{x}$
4 . $f=$ (f1, $f_{2},$ $f_{3}$ ), $g=$ (g1, $g_{2},$ $g_{3}$ ), $y=$ (y2, $y,$ $1$ ), $\overline{x}=$
${}^{t}(\overline{x}^{2}, x-, 1)$ , $3\cross 3$ $A=(\alpha_{ij})_{0\leq i,j\leq 2},$ $B=(\beta_{ij})_{0\leq i,j\leq 2}\in \mathrm{M}\mathrm{a}\mathrm{t}(3, \mathbb{C})$




(measure preserving) . , $m=m$(x, $y$ ) $m$ (x, $y$ ) $dx\wedge$
$dy=m(\overline{x},\overline{y})d\overline{x}\Lambda d\overline{y}$ (ii) R (singularity confinement,









$(x, y)\in \mathrm{P}^{1}\cross$ P1. , $(2, 2)$ -
(2) $\{F(\alpha;x, y)+\lambda F(\beta;x, y)=0\}_{\lambda\in \mathrm{P}^{1}}$
. $F( \alpha;x, y)=\sum_{0<i,j\leq 2}\alpha_{ij}x^{2-i}y^{2-j}$ . $P=(x, y)\in$
$\mathrm{P}^{1}\cross \mathrm{P}^{1}$ , $C$ $P$ x-
$l_{1}$ $(2, 2)$- $C$ 2 ( ) , $P$
$\overline{P}=$
$(\overline{x}, y)$ , $\overline{x}=\overline{x}(x, y)$ . $C$ 2 $P=(x, y)$ ,
$\tilde{P}=$
$(\overline{x}, y)$
$F(\alpha;x, y)+\lambda F$ ( $\beta$I $y$ ) $=0$ ,
$F(\alpha;\overline{x}, y)+\lambda F(\beta;\overline{x}, y)=0$ .




. , $\overline{P}$ $y$- $l_{2}$ $C$ ( $\overline{P}$ ) $\overline{P}=(\overline{x},\overline{y})$
$\overline{y}=\frac{g_{1}(\overline{x})-g_{2}(\overline{x})y}{g_{2}(\overline{x})-g_{3}(\overline{x})y}$
. , $P\mapsto\overline{P}$ QRT (1)
( 1 ).
(2) 8
$x= \frac{f_{1}(y)}{f_{2}(y)}=\frac{f_{2}(y)}{f_{3}(y)}$ , $\mathrm{X}l\mathrm{h}$ $y= \frac{g_{1}(x)}{g_{2}(x)}=\frac{g_{2}(x)}{g_{3}(x)}$
33
. , $\varphi$ .
, $\varphi$ $(x, y)\in \mathrm{P}^{1}\cross$ Pl $PGL$ (2) $\cross$
$PGL$ (2) .
18 $3\cross 2$ 3 1 $=$ 8





$E_{\lambda}$ $a_{6}=0$ , $a_{i}=a_{i}(\lambda)(i=1,2,3,4)$
$a_{1}=-\gamma$1h $a_{2}=-\gamma$01\gamma 21 $+2\gamma 02\gamma 20-\gamma$10\gamma 12
$a_{3}=\gamma$01 $\gamma$12 $\gamma$20 $+\gamma$02 $\gamma$10$\gamma$21 $-\gamma$02$\gamma$11 $\gamma$20,
$a_{4}=(\gamma_{02}\gamma_{20}-Y01\gamma 21)(\gamma_{02}\gamma_{20}-\gamma$10 $\gamma$12),
$\gamma ij=\alpha$ij $+\lambda\beta$i$j$
$(\deg a_{i}(\lambda)=i)$ . QRT (1) $E_{\lambda}$
$\overline{P}=P+T$ , $T=(0,0)$
( 2 ).
( ) (2) $\mathrm{P}^{1}\cross \mathrm{P}^{1}$ $(2, 2)$- $C=C_{\lambda}$ ,
$F( \gamma;x, y)=\sum_{0\leq i,j\leq 2}\gamma$ij $x^{2-i}y^{2-j}=0$ . $\rho$ : $\mathrm{P}^{1}\cross \mathrm{P}^{1}arrow \mathrm{P}^{2}$ ,
$(x, y)\mapsto[X, \mathrm{Y}, Z]=[x, y, 1]$ . $\mathrm{P}^{2}$ $[X, \mathrm{Y}, Z]$ .
$\rho(C_{\lambda})$
$\mathrm{P}^{2}$ 2 $T’=[1,0, \mathrm{O}]=\rho(\{x=\infty\}),$ $\mathcal{O}$ = $[0,1, \mathrm{O}]=\rho(\{y=\infty\})$ 3
, . $\rho(l_{1}),$ $\rho(l_{2})$ $\rho(C_{\lambda})$ 3
$P,\tilde{P},$ $T$’, $\tilde{P},$ $P$-, $\mathcal{O}$ . $\rho(C_{\lambda})$ $\overline{P}+\mathcal{O}=P+T’$
. , $\mathcal{O}$ ( ) , $T’$ $T=[0,0,1]$
, $\rho(C_{\lambda})$ Weierstrass $E_{\lambda}$ $\overline{P}=P+T$ .
$\lambda$ , $S=\{f_{\lambda}(x, y)=0\}\subset \mathrm{P}^{2}\cross \mathrm{P}^{1}\ni((x, y)$ , $\lambda)$ .
( $p_{2}$ : $\mathrm{P}^{2}\cross \mathrm{P}^{1}arrow \mathrm{P}^{1}$ $S$ ) $\pi=p_{2}|s$ : $Sarrow \mathrm{P}^{1}$ $\pi^{-1}(\lambda)$
. $S$ . $\lambda=\lambda(x, y)$ ,
$\mathbb{C}(x, y, \lambda)=\mathbb{C}(x, y)$ , $S$ . , $\mathbb{C}(\lambda)$
$E_{\lambda}$ . $E_{\lambda}$ 8-
34
2: $E$,
1 , QRT ([2, 7] )
.
QRT $\varphi$ . $E_{\lambda}$ 1- $dx/(2y+$
$a_{1}x+a_{3})$ $\varphi$ ( $=E_{\lambda}$ I ) . $d \lambda=\frac{\partial\lambda}{\partial x}dx+\frac{\partial\lambda}{\partial y}d$y $\varphi$ .
$\frac{1}{2y+a_{1}x+a_{3}}\frac{\partial\lambda}{\partial y}d$x $\Lambda dy$ $\varphi$ . $\varphi$ .
3 $\mathrm{Q}\mathrm{R}\mathrm{T}$
, QRT ,
. , QRT (
) . , $E_{\lambda}$ $\Delta(\lambda)\not\equiv 0$ .
$E_{\lambda}$ .
, $K$ $E$ $K$- ( ) $E$ (K)
Mordell-Weil . $E$ $T$
$\mathcal{O}$ $m’T\neq \mathcal{O}(1\leq\forall m’<m)$
, $T$ $m$ .
Mordell-We ( - ).
2 ([5, Corollary 2.1]) Mordell-We , 26
.
$\mathbb{Z}^{r}(1\leq r\leq 8)$ , $\mathbb{Z}^{r}\oplus \mathbb{Z}$/2$\mathbb{Z}(1\leq r\leq 4)$ , $\mathbb{Z}^{r}\oplus \mathbb{Z}$/3$\mathbb{Z}(1\leq r\leq 2)$ ,
$\mathbb{Z}^{r}\oplus$ $(\mathbb{Z}/2\mathbb{Z})2(1\leq r\leq 2)$ , $\mathbb{Z}^{r}\oplus \mathbb{Z}$/4$\mathbb{Z}(r=1)$ ,
$\mathbb{Z}$/4$\mathbb{Z}\oplus \mathbb{Z}$/2$\mathbb{Z}$ , $(\mathbb{Z}/3\mathbb{Z})^{2}$ , $(\mathbb{Z}/2\mathbb{Z})^{2}$ ,
$\mathbb{Z}$/6$\mathbb{Z}$ , $\mathbb{Z}$/5$\mathbb{Z}$ , $\mathbb{Z}$/4$\mathbb{Z}$ , $\mathbb{Z}$/3$\mathbb{Z}$ , $\mathbb{Z}$/2$\mathbb{Z}$ , {0}.
(section) 2, 3, 4, 5, 6 .





(a) $T$ 2 . $\Leftrightarrow T$ $\mathcal{O}=[0,1,0]$ .
(b) $T$ 3 . $\Leftrightarrow T$ .
4 $K$ Eu,
$E_{u,v}$ : $y^{2}+uxy+vy=x^{3}+vx^{2}$
$T=$ $(0, 0)$ , .
(c) $T$ 4 . $\Leftrightarrow u=1$ .
(d) $T$ 5 . $\Leftrightarrow v=u-1$ .
(e) $T$ 6 . $\Leftrightarrow v=-(u-1)(u-2)$ .




$\varphi$ : \Leftrightarrow T:
. 2, 3, 4 .
5 $\Delta(\lambda)\not\equiv 0$ . QRT $\varphi$ ( ) ,
2, 3, 4, 5, 6 .
(a) 2 $\Leftrightarrow$ $a_{3}(\lambda)=0$ ,
(b) 3 $\Leftrightarrow$ $b_{8}(\lambda)=0$ ,
(c) 4 $\Leftrightarrow$ $u(\lambda)=1$ ,
(d) 5 $\Leftrightarrow$ $v(\lambda)=u(\lambda)-1$ ,
(e) 6 $\Leftrightarrow$ $v(\lambda)=-(u(\lambda)-1)(u(\lambda)-2)$ .
$b_{8}(\lambda)=-a_{1}a_{3}a_{4}+a_{2}a_{3}^{2}-a_{4}^{2},$ $b_{4}(\lambda)=a_{1}a_{3}+2a_{4},$ $u(\lambda)=b_{4}b_{8}/a_{3}^{4},$ $v(\lambda)=b_{8}^{3}/a_{3}^{8}$
.
$n=2,3,4,5,6$ , $A=(\alpha_{ij})_{0\leq i,j\leq 2},$ $B=$
$(\beta_{ij})_{0\leq i,j\leq 2}$ QRT $\varphi$ : (x, $y$ ) $\mapsto(\overline{x}, y-)$ . $\varphi^{n}=\mathrm{i}\mathrm{d}$
.
(a) $\mathbb{Z}$/2$\mathbb{Z}$




$\text{ }p_{ijkl}=\det|\begin{array}{ll}\alpha_{ij} \alpha_{kl}\beta_{ij} \beta_{kl}\end{array}|$ .
(b) $\mathbb{Z}/3\mathbb{Z}$
$A=(\begin{array}{lll}0 p 10 r q0 0 0\end{array})$ , $B=(\begin{array}{lll}0 0 01/q s 01 1/p 0\end{array})$ , $pq\neq 0$ ;
$\overline{x}=\frac{-q(q+x+ry+pxy)}{q+pqsx+pqy+pxy}$ , $\overline{y}=\frac{q}{px}$ .
(c) $\mathbb{Z}$/4$\mathbb{Z}$
$A=(\begin{array}{ll}0p 00-1 q00 0\end{array}),$ $B=(\begin{array}{lll}0 0 0-p 0 r1 0 0\end{array}),$ $pq\neq 0$ ;
$\overline{x}=\frac{y(q-y+pxy)}{p(-rx-y^{2}+pxy^{2})}$ , $\overline{y}=\frac{y(1-px)}{px}$ .
(d) $\mathbb{Z}$/5$\mathbb{Z}$
$A=(\begin{array}{ll}0p 00-1 q00 0\end{array}),$ $B=(\begin{array}{ll}0 0 0-p -pq 01 00\end{array}),$ $pq\neq 0$ ;
$\overline{x}=-\frac{q-y+pxy}{p(y-pqx-pxy)}$ , $\overline{y}=\frac{y-pqx-pxy}{px(1-px)}$ .
(e) $\mathbb{Z}$/6$\mathbb{Z}$
$A=(\begin{array}{ll}0p 00-1 q00 0\end{array}):$ $B=($ $-p01$ $-p00q$ $-p00$q$2$ ) : $pq\neq 0$ ;
$\overline{x}=\frac{y(q-y+pxy)}{p(pq^{2}x+pqxy-y^{2}+pxy^{2})}$ , $\overline{y}=\frac{y(y-2pqx-pxy+p^{2}qx^{2})}{px(y-pqx-pxy)}$ .
$\Delta(\lambda)\equiv 0$ , $n$ QRT
( ).
$A=($ $-100$ -2 $\mathrm{c}-\mathrm{s}\frac{\pi k}{\frac{\pi kn}{n}}\sin 0$
$\sin\frac{1\pi k}{n}-$ ) : $B=(\begin{array}{lll}0 0 00 0 10 1 0\end{array})$ ;
37
$-= \frac{(2x\cos\frac{\pi k}{n}-y)(x+2x\cos\frac{\pi k}{n}-y-2\sin\frac{\pi k}{n})}{x+y}$ ,




.x $=(x_{1}, . . , , x_{N})\in(\mathrm{P}^{1})^{N}$ , $(2, \ldots, 2)$ -
$\{F(\alpha^{(0)} ; \mathrm{x})+\lambda F(\alpha^{(1)}; \mathrm{x})=0\}_{\lambda\in \mathrm{P}^{1}}$
. $\mathrm{m}=$ ($m_{1},$ $\ldots,$ $m$N), $\mathrm{x}^{\mathrm{m}}=x_{1}^{m_{1}}|$ . . $x_{N}^{m_{N}}$ $I=$ $\{0,1, 2\}^{N}$
(3)
$F( \alpha^{(i)} ; \mathrm{x})=\sum_{\mathrm{m}\in I}\alpha_{\mathrm{m}}^{(i)}$
x$\mathrm{m}$ : $\alpha_{\mathrm{m}}^{(i)}\in \mathbb{C}$ $(i=0,1)$
. $P=\mathrm{x}\in(\mathrm{P}^{1})^{N}$ $M$ $P$
xk- ( $\{x_{i}=0;i$ \neq k}) $l_{k}$ $M$
$\overline{P}=\tilde{\mathrm{x}}=$ ( $\overline{x}_{1},$ $\ldots,$ $x$-N)
$r_{k}$ : $\mathrm{x}\mapsto\overline{\mathrm{x}}$ , $\tilde{x}_{k}=\frac{f_{k}-g_{k}x_{k}}{g_{k}-h_{k}x_{k}}$ , $\overline{x}_{i}=x_{i}$ $(i\neq k)$
$(r_{k}^{2}=\mathrm{i}\mathrm{d})$ . $f_{k},$ $g_{k},$ $h_{k}$ ( fk, $g_{k},$ $h_{k}$ ) $={}^{t}(A_{k}^{(0)}, B_{\dot{k}}^{(0)}, C_{k}^{(0)})\cross{}^{t}(A_{k}^{(1)}, B_{k}^{(1)}, C_{k}^{(1)})$ ,
$F$ (\mbox{\boldmath $\alpha$}(i); $\mathrm{x}$) $=A_{k}^{(i)}x_{k}^{2}+B_{k}^{(i)}x_{k}+C_{k}^{(i)}$ , $x_{k}$ .
$\Phi$ : $(\mathrm{P}^{1})^{N}arrow(\mathrm{P}^{1})^{N}$
$\Phi=r_{N}\mathrm{o}r_{N-1}\mathrm{o}\cdots \mathrm{o}r_{1}$
. QRT ($N=2$ QRT ).
$\Phi$ .
.
$(2, \ldots, 2)$- (3)
(a) $N=2$ ,
(b) $N=3$ $K3$ ,
(c) $N\geq 4$ Calabi-Yau .
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